The main 'philosophical' outcome of this article is to demonstrate that the structural description of residuated lattices requires the use of the co-residuated setting. A construction, called skew symmetrization, which generalizes the well-known representation of an ordered Abelian group obtained from the positive (or negative) cone of the algebra is introduced here. Its definition requires leaving the accustomed residuated setting and entering the co-residuated setting. It is shown that every uninorm on [0,1] with an involution defined by the residual complement with respect to the unit and having the unit as the fixed point of the involution can be described as the skew symmetrization of its underlying t-norm or underlying t-conorm.
Introduction
Residuated lattices and substructural logics are the subject of intense investigation (see e.g. [5] ). Substructural logics encompass among many others, classical logic, intuitionistic logic, relevance logics, many-valued logics, fuzzy logics, linear logic and their non-commutative versions. Equivalent algebraic counterparts of substructural logics are classes of residuated lattices. Uninorms are a generalization of t-norms and t-conorms where the unit element e may appear anywhere in the real unit interval [0,1] with an underlying t-norm obtained by restricting to [0,e] and underlying t-conorm obtained by restricting to [e,1] . Weakening-free Hilbert systems for Uninorm Logic UL and its extensions IUL UML and IUML, were introduced in [11] , and for Cross Ratio Logic (CRL) and other '[0,1[-continuous' uninorm logics in [4] . These reflect the importance of uninorms as a tool in the wider field of fuzzy logic.
The main aim of this article is to give a structural description for 'e-involutive' uninorms on [0,1] with an involution defined by the residual complement with respect to the unit and having the unit as the fixed point of the involution. The corresponding logic is conjectured to be given by the axiomatization for Involutive UL (IUL) defined in [11] extended with an axiom for the fixed point of the involution, and the result presented here could well be useful in addressing this open problem. More precisely, we shall show that every e-involutive uninorm on a complete dense chain, which has a dense set of continuity points, is the skew symmetrization (see below in Section 1.1) of its underlying t-norm or underlying t-conorm. The structural description of e-involutive uninorms on the real unit interval [0,1] follows as a corollary.
Extensions from positive cones
It is well known in the field of commutative ordered groups [3] that the operation of an ordered Abelian group restricted to its positive (or negative) cone determines uniquely the group operation. For example, if we know only the set of non-negative numbers and the usual addition + on it (i.e. we can add up two non-negative numbers, and we can compute x −y if x ≥ y), then there is a unique way to extend the + operation to the whole set of real numbers which preserves commutativity and associativity. First one 'symmetrizes' the underlying universe IR + by formally introducing negative numbers as follows: Let IR − ={ − x | x ∈ IR + }, − 0 = 0, IR = IR − ∪IR + . The mapping − induces an involution on IR by defining − y = x for y ∈ IR − with − x = y. Then one extends the order ≤ of the positive numbers into IR by − x ≤ − y iff x ≥ y; and − x ≤ y for all x,y ∈ IR + . Then one 'symmetrizes' the operation + as follows (denoting its extension to IR by + s ):
if x ∈ IR − and y ∈ IR + and x > − y x − − y if x ∈ IR + and y ∈ IR − and x > − y [8] is defined by analogy with (1) for a left-continuous t-conorm ⊕ with residuum → ⊕ and defined negation x = x → ⊕ e by 
On the other hand, recent findings indicate that a more unusual generalization of (1) might usefully be investigated. When describing the structure of some residuated lattices with a geometric flavour, surprisingly enough, co-residuated operations turn out to play an important role [6] . 1 An insight into the reason for this phenomena together with a sharp treatment is given in [6] . This observation has motivated the definition of the so-called skew symmetrization construction introduced in Section 4. Note that group operations are continuous in the order topology, hence symmetrization and skew symmetrization coincide for them; however, they differ in the residuated setting.
Preliminaries
A commutative and non-decreasing binary operation * • (on a poset) is called residuated if there exists an operation → * • (on the same poset) such that
holds. The operation → * • is called the residuum of * •, 2 and the displayed equivalence is often referred to as the adjointness condition. If → * • exists, it has an equivalent description, namely, → * • is the binary operation on the poset given by
In addition, assume * • is associative too. Then, by using the adjointness condition together with the commutativity of * • one can easily prove
referred to as the exportation law and exchange property, respectively. Let C = X,≤,⊥, be a bounded poset. An involution over C is an order reversing bijection on X such that its composition by itself is the identity map of X. Involutions are continuous in the order topology of C. T-conorms (resp. t-norms) over C are commutative, associative, partially ordered operations on X with unit element ⊥ (resp. ). T-conorms and t-norms are duals of one another. That is, for any involution and t-conorm ⊕ over C, the operation on X defined by x y = (x ⊕y ) is a t-norm over C. Vice versa, for any involution and t-norm over C, the operation ⊕ on X defined by x ⊕y = (x y ) is a t-conorm over C. Uninorms over C [2, 12] are commutative, associative, partially ordered operations on X with unit element e (which may be different from ⊥ and ). Every uninorm over C has an underlying t-norm and t-conorm ⊕ acting on the subdomains [⊥,e] and [e, ], respectively. That is, for any uninorm * • over C, its restriction to [⊥,e] is a t-norm over [⊥,e] , and its restriction to [e, ] is a t-conorm over [e, ]. When the underlying universe is not mentioned explicitly, by t-conorms, t-norms and uninorms one understands t-conorms, t-norms and uninorms on the real unit interval [0,1].
ii. * • is a uninorm over C with unit element e, iii. for every x ∈ X, x → * • f = max{z ∈ X | x * •z ≤ f } exists, and iv. for every x ∈ X, we have
If C is a chain (i.e. linearly ordered), we call X,≤,⊥, ,e,f , * • an involutive uninorm chain. In an involutive uninorm algebra one can define an order-reversing involution by x = x → * • f .
Definition 2 X,≤,⊥, ,e, * • is called an e-involutive uninorm algebra if X,≤,⊥, ,e,e, *
• is an involutive uninorm algebra.
One of the key tools in our investigations will be the so-called local reflection-invariance lemma from [6] .
Lemma 1
Let (X, * •,→ * • ,≤) be a commutative residuated semigroup on a complete, dense chain equipped with the order topology. Let a,b,c ∈ X be such that a = b→ * • c. Let (x,y) ∈ X ×X be 1. a continuity point of * • such that neither x nor y equals the top element of the chain (if there is one) 2. x is a-closed (that is, we have x → * • a → * • a = x), and y is b-closed,
In addition, (x → * • a,y→ * • b) is a continuity point of * • if and only if so is (x,y).
Co-residuated operations, skew pairs and skew duals
Roughly, an operation will be called co-residuated if it is residuated with respect to the dual order.
Definition 3
A commutative and non-decreasing binary operation • (on a poset) is called co-residuated if there exists an operation ← • (on the same poset) such that
holds. The operation ← • is called the co-residuum of •. If ← • exists, it has an equivalent description, namely, ← • is the binary operation on the poset given by
In case • is associative, we have
We shall call the displayed equivalence and equalities the co-adjointness condition, co-exportation law and co-exchange principle, respectively.
We define a commutative co-residuated chain for any complete, dense, commutative residuated chain (and vice versa) in the following way.
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Definition 4
Let X,≤ be a complete, densely ordered chain. For the commutative residuated chain X,≤, ,→ ,1 , define • : X ×X → X by
and call it the skewed modification of .
For the commutative co-residuated chain X,≤, •,,← • 1 , define : X ×X → X by
and call it the skewed modification of •. Call ( , •) a skew pair.
Remark 1
On a dense chain, being residuated is equivalent to that of the left-continuity of in the order topology. Analogously, being co-residuated is equivalent to that of the right continuity of • in the order topology. The density of a complete chain implies that any increasing (resp. decreasing) sequence x n ∈ X, n ∈ N converges to its supremum (resp. infimum) which does exist. Referring to this fact, one easily checks that • (resp. ) is right continuous (resp. left-continuous) in the order topology. This verifies that • (resp. ) defined above is indeed co-residuated (resp. residuated). Referring to the above-mentioned fact again, and by looking at as a function of type X ×X → X, one can see that coincides with • on the continuity points (in the order-topology) of . Referring to the density of the order it follows that and • share the same set of continuity points, and hence the skewed modification of the skewed modification of any operation (being either residuated or co-residuated) coincides with itself. This justifies the name, skew pair. Intuitively, • (resp. ) may be considered as the right continuous (resp. left continuous) operation which is obtained from the left continuous (resp. right continuous) operation (resp. •) by the 'least possible modification', since they differ only at the discontinuities.
Next, we introduce the notion of skew duals.
Definition 5
Let (L 1 ,≤) be a subchain of a complete dense chain (L 2 ,≤). Let (L 1 ,⊕,→ ⊕ ,≤, ) be a commutative residuated chain and be an order reversing involution on L 2 . The operation is said to be dual to ⊕ with respect to if is a binary operation on
We say that the operation • is skew dual to ⊕ with respect to if • is the skewed modification of .
Skew symmetrization
Definition 6
Let X,≤, ,⊥ be a bounded, complete, densely ordered chain. Call a residuated t-conorm ⊕ on X border continuous if for any x ∈ X we have inf {u⊕v | u > x,v > ⊥} = x. Next, we introduce skew symmetrization as follows:
Definition 7
Let C = X,≤,⊥, be a complete, dense, bounded chain and be an involution on X with fixed point e ∈ X. For any residuated border continuous t-conorm ⊕ on [e, ], define its skew symmetrization (with respect to ) ⊕ s : X → X as follows. 
where ⊕ • denotes the skewed modification of ⊕. For any residuated t-norm on [⊥,e], define its skew symmetrization (with respect to ) s : X → X as follows. 
where • denotes the skewed modification of .
Proposition 1
In Definition 7, ⊕ s and s are well defined.
Proof. Since e ∈[⊥,e]∩[e, ] we need to verify that the definition of ⊕ s is the same on the overlapping parts of the subdomains. We shall use that e is neutral element of ⊕. If y ∈ ]e, ] then e⊕ s y = e⊕y = y using the first row of (4). On the other hand, e⊕ s y = e ← ⊕ • y = e← ⊕ • y = y using the fifth row of (4). If y ∈[⊥,e[ then e⊕ s y = (e→ ⊕ y ) = (y ) = y using the second row of (4). Finally, e⊕ s y = (e ⊕ •y ) = (e⊕ •y ) using the fourth row of (4). Here we have (e⊕ •y ) = (y ) = y since ⊕ is border continuous.
The treatment for ⊕ s is similar, just observe that the skew dual of a residuated t-norm (on a complete, dense chain) is a border continuous t-conorm. We state below the structure theorem for a class of e-involutive uninorms.
Structural description of e-involutive uninorm chains having a dense set of continuity points
Theorem 1
The following two statements hold true.
1. Any e-involutive uninorm on a complete, dense chain L,≤,⊥, ,e, * • with the property that * • coincides with its skewed modification on a dense set has a border continuous underlying t-conorm and can be described as the skew symmetrization of its underlying t-conorm or t-norm with respect to the involution defined by x = x → * • e. That is, * •=⊕ s = s , where ⊕, , ⊕ • and • denotes the underlying t-conorm and t-norm of * •, and their skewed modifications, respectively. 2. For any e-involutive uninorm * • on a complete, dense chain which has a dense set of continuity points, its underlying t-norm and t-conorm form a skew dual pair with respect to . Further, * • is self skew dual with respect to .
Proof. First we prove * •=⊕ s , that is, we need to prove 
The first row of (6) is obvious. By using that x → x → * • e is an involution of L, and the exportation law, respectively, we have
Now, assume x ∈[e, ], y ∈[⊥,e], and x ≤ y . Then we have y ∈[e, ], and since x * •e = x ≤ y we have x → * • y ≥ e. Hence,
This proves the second and, due to commutativity of * •, the third rows of (6). Next, we have e→ * • e = e, so we can evaluate a,b,c := e in Lemma 1. By using that x → x → * • e is an involution of L, and hence that it is continuous in the order topology, we get that
holds for any (x,y) ∈ L ×L which is a continuity point of * •. If, in addition, we assume x,y ∈[⊥,e] then we have x ,y ∈[e, ], and since, by Theorem 1, (x ,y ) is a continuity point of * •, we obtain
Since we have
on a dense subset of [⊥,e] 2 , and both sides of (7) are left continuous in the order topology, we obtain that (7) holds on the whole [⊥,e] 2 . This proves the fourth row of (6) . Assume x ∈[⊥,e], y ∈[e, ], x ≥ y , and that (x,y) is a continuity point of * •. Then x ∈[e, ], y ∈[⊥,e], and x ≤ y . Therefore, according to the second row of (6) we get x * •y = x → ⊕ y which is equivalent to x * •y = x → ⊕ y. This together with Lemma 1 implies x * •y = x → ⊕ y, and since, for continuity points, we have x → ⊕ y = x ← ⊕ • y we have obtained
Since we have (8) on a dense subset of
, and x ≥ y }, and both sides of (8) are left continuous in the order topology, we obtain that (8) holds on the whole H. This proves the fifth and, due to commutativity, the sixth rows of (6). The second equality * •= s can be proved in a similar manner. To see the second statement use (6) and observe that taking the dual of the skewed modification is the same thing as taking the skewed modification of the dual. The second statement follows from (6) .
Finally, by using the second statement we obtain that the underlying t-conorm ⊕ of * • is border continuous, since it is the skewed modification of a residuated t-norm on a complete dense chain.
Left continuous t-norms (on [0,1]) has a dense set of continuity points (cf. Corollary 2 in [9] ). The same can be stated for e-involutive uninorm algebras on [0,1] (e-involutive uninorms, for brevity); and the same proof works for that case. Hence, we obtain that:
Corollary 1
Any e-involutive uninorm (on [0,1]) can be described as the skew symmetrization of its underlying t-conorm (which is border continuous) or t-norm.
The construction of extending the operation from the positive cone of an ordered group into the whole group is generalized leading to a new construction, called skew symmetrization. To introduce skew symmetrization, one has to leave the accustomed residuated setting and enter the co-residuated setting. The notion of skew pairs and skew duals are introduced. The structure of e-involutive uninorms on [0,1] is described as the skew symmetrization of their underlying t-norm, or t-conorm. In addition, these uninorms are shown to be self-skew duals. A challenging open problem is to investigate e-involutive uninorms over chains that are not dense or complete. 
